
Logics and their galaxies

Hilan Bensusan, Alexandre Costa-Leite and Edelcio G. de Souza

Abstract. This article introduces some concepts that help exploring the ontological

import of universal logic. It studies the notions of an antilogic and counterlogic as-

sociated to each logic and shows some of their properties. It presents the notion of

galaxy, as the class of possible worlds compatible with a given logic. We explore some

consequences of these developments.
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1. Towards a universal metaphysics

Metaphysicians make constant use of logic. They need it to make claims about what is log-

ically possible, what is logically necessary or contingent. They need it to reason on what

ought to be the case once some assumptions are made - issues of logical compossibility.

They need it whenever they investigate a priori knowledge and whenever they appeal to

sufficient reason. Without an underlying logic no thesis concerning contingency, compos-

sibility, necessity or sufficient reason can be substantial. The use of logic by metaphysics

is evident when we consider the framework of possible worlds - taken by David Lewis

[11], pp. 1-4, to be a paradise for philosophers. At least since Lewis work, back in the 70s,

metaphysicians have been making use of possible worlds to discuss and evaluate claims

and arguments concerning several topics such as causation ([10], [9]), dispositions ([13]),

monism and pluralism ([4]), semantics ([16]) or the existence of necessary objects ([22]).

The appeal to possible worlds, however, hinges always on a distinction between possi-

ble and impossible worlds (distinction drawn by Lewis himself [11], p. 1). A logically

impossible world can arguably be dismissed from metaphysical considerations.

Now, there are different logics. In fact, an infinite number of them. Clearly, as meta-

physics is entangled with logic, different underlying logics produce different results in

metaphysics. Things are evaluated differently and distinct claims are made possible when

we move from one logic to another. To see this, it is enough to focus on what makes a
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world impossible. What is impossible in classical logic is not necessarily so in paracon-

sistent or intuitionistic logics. The question arises then as to which logic to choose. In

general, metaphysicians have dealt with this in an easy and oversimplified way: just use

classical logic. To be sure, nevertheless, the choice of a logic is a tricky issue that, at the

face of it, involves circularity: we cannot argue that one particular logic is somehow nec-

essary without appeal to an underlying logic. Given these difficulties, it is quite common

to dismiss the question altogether by saying that in the absence of any reason to select

any other logic, classical logic is best retained. Such a response, nevertheless, has been

challenged by recent developments in universal logic.

Universal logic looks at the plurality of logics not in order to choose one among

them but rather to study the relations between them. It explores how to compare them,

how to put them together and how to build new logics out of known ones. It aims at a

general investigation of logics in a way that is similar to what has been achieved with

universal algebra (see [1]). To this purpose, universal logic has been using methods such

as the combination of logics, techniques of translating logics and tools in category theory.

It looks at the space of all logics and how it constrains the scope of a particular logic.

The present article begins to explore the idea that universal logic - and not any logic

in particular - should underlie the efforts of metaphysicians. It points towards a meta-

physics grounded on universal logic - a universal metaphysics. We begin our exploration

by considering possible worlds in a framework where different logics take different worlds

to be impossible. In order to do that, we develop the notion of a galaxy compatible with a

given logic - a galaxy is a class of possible worlds. It is a way to formalize the notion of

underlying logic of a theory. If we are right, metaphysicians should be looking at galaxies

and their properties whenever they are making claims involving possibility, necessity and

related concepts.

2. Logics, antilogics and counterlogics

In order to consider the infinite number of logics and to make evident how different logics

yield different ontological commitments, we make use of the notions of antilogic and

counterlogic defined for a suitable logic. Here we will not consider any logic in particular,

but rather a logic in an abstract sense.

A logic L is a structure (F, `L) such that F is a set and `L is a binary relation on

℘(F) × F without any restriction.1 We use Γ `L ϕ to indicate that (Γ, ϕ) ∈ `L and we say

that ϕ is a consequence of Γ in L. So, `L is called a consequence relation of L.

The antilogic of a given logic L is denoted by L̄.2 The counterlogic of a given logic

L is denoted by L̃. Antilogics and counterlogics are also logics in the sense that they are

sets and consequence relations without axioms. If we define logics using consequence

relations with Tarskian conditions, then antilogics and counterlogics would not be logics.

1Tarski proposed an operator of logical consequence with conditions on it (see [20]). We use a consequence

relation without restrictions in the sense of [2].
2The concept of antilogic has been developed by Łukasiewicz in [12], and studied in [17] as rejected proposi-

tions or in [18] under the label of refutation systems. For anticlassical propositional logic, there are results in

[6], [21] and [3].
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The antilogic L̄ of a given logic L = (F, `L) is a pair (F, `L̄) such that

Γ `L̄ ϕ if and only if it is not the case that Γ `L ϕ.

It is clear that for each L there is exactly one L̄. Moreover considering that conse-

quence relations are sets of pairs, a natural consequence of the above definitions is that

there is nothing in common between the set corresponding to a logic and the one corre-

sponding to its antilogic:

`L ∩ `L̄ = ∅;

`L ∪ `L̄ = ℘(F) × F.

This means that the two sets cover all the well-formed formulas expressed in the

vocabulary where L (and of course, L̄) is defined. In this sense (but not necessarily in

another to be considered in the next section involving the concept of galaxies), we can

say that L̄ is the complement of L.

Let L = (F, `L) be a logic such that F is closed by an unary operation of negation,

that is, if ϕ ∈ F, then ¬ϕ ∈ F. In this case, we say that L is a logic with negation. Given

a logic with negation L = (F, `L), the ¬-counterlogic3 of L is the logic given by the pair

L̃ = (F, `L̃) such that:

Γ `L̃ ϕ if and only if Γ `L ¬ϕ

Again, it is clear that for each L, and for each negation operation, there is exactly

one L̃.

We already have elements to prove that soundness and completeness are preserved

from a logic to its antilogic and its counterlogic.

Theorem 2.1. If L = (F, `L) is sound and complete with respect to a semantic structure

(which is also a logic in the sense above) S = (F, �S ), that is, if it holds that: Γ `L ϕ if and

only if Γ �S ϕ; then, L̄ is sound and complete with respect to S = (F, �S̄ ), such that �S̄ is

given by Γ �S ϕ if and only if it is not the case that Γ �S̄ ϕ. A similar result can be stated

to counterlogics.

As for interactions of a logic with negation, its antilogic and its counterlogic, it is

important to note that:

¯̄L = L;
˜̃L = L;
¯̃L = ˜̄L;

Γ `L̄ ϕ if and only if it is not the case that Γ `L̃ ¬ϕ;

Γ `L̃ ϕ if and only if it is not the case that Γ `L̄ ϕ.

Notice also that, as the antilogic and the counterlogic are defined in terms of the con-

sequence relation, a logic that entails nothing (`L= ∅) is its own counterlogic. Moreover,

its antilogic is the trivial logic (`L= ℘(F) × F).

3Henceforth, whenever non-ambiguous we use simply “counterlogic”.
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3. Antilogic, counterlogic and the square of oppositions

The antilogic and the counterlogic of a logic can define interesting oppositions concern-

ing relations between logics. These oppositions can be thought in terms of the framework

of the square of oppositions. Such a framework (and its extensions in the so-called geom-

etry of oppositions (see [14]) has been used to study all sorts of relations of opposition.

Different logics are such that they can hold relations analogous to those of contradiction,

contrariety and subalternity between them. In this section, we begin to study these rela-

tions of oppositions by seeing different logical systems as poles in a triangle or a square.

By presenting a square of logics that capture some of their relations, we pave the way for

a more systematic study of the oppositions between logics.

We start with some brief remarks concerning the square. We call a square complete

if it is a square with all four oppositions: contradiction, contrariety, sub-contrariety and

subalternation. A square is standard if it fits any family of concepts satisfying traditional

oppositions. A square is perfect if it is complete and standard. Moreover, any square which

is not complete or/and standard is called degenerate square.

We can now explore the oppositions between a logic and its counter and antilogic in

terms of the square. The main question is to determine what are the oppositions between

these logics.

Because the vertices of the square (or of the triangle formed by a logic, its coun-

terlogic and its antilogic) are not propositions we reconstruct the classical oppositions

accordingly. We define them in terms of relations between logics - instead of truth-values.

First, let L1 = (F, `L1
) and L2 = (F, `L2

) be two logics. We say that L1 is a sublogic

of L2 if and only if `L1
⊆ `L2

. We use the following notation: if `L⊆ ℘(F) × F, then 0L is

the complement of `L with respect to ℘(F) × F.

Now we introduce some relations between logics:

(d) L1 and L2 are contradictories if and only if `L1
∩ `L2

= ∅ and 0L1
∩ 0L2

= ∅;

(c) L1 and L2 are contraries if and only if `L1
∩ `L2

= ∅ and 0L1
∩ 0L2

, ∅;

(sc) L1 and L2 are subcontraries if and only if `L1
∩ `L2

, ∅ and 0L1
∩ 0L2

= ∅;

(s) L1 is subaltern to L2 if and only if L2 is a sublogic of L1.

It is not straightfoward to present oppositional structures for any logic. We will pro-

ceed by introducing some restrictions. First, we restrict ourselves to logics which accept

elimination of double negation in an obvious sense. Additionally, let L be a logic with

negation. We say that L is well-behaved if and only if for every pair (Γ, ϕ), it is not the

case that (Γ `L ϕ and Γ `L ¬ϕ).

Theorem 3.1. If L is well-behaved then L̃ is a sublogic of L̄.

For, suppose that Γ `L̃ ϕ. By definition, Γ `L ¬ϕ. Since L is well-behaved, this is

not the case that Γ `L ϕ. Therefore, Γ `L̄ ϕ.
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Let L = (F, `L) be a logic with a negation. Consider ϕ ∈ F. We say that L is ϕ-silent

if and only if we have neither ∅ `L ϕ nor ∅ 0L ϕ. L is called silent if and only if there

exists ϕ ∈ F such that L is ϕ-silent. Notice that if L is silent then its corresponding L̄ is

not well-behaved.

We can start out by remarking that L and L̄ are contradictories. Also, if L is well-

behaved and with double negation elimination rule, L and L̃ are contraries. Notice that L̃

is then also well-behaved. Since L is well-behaved, L̃ is a sublogic of L̄ and therefore the

former is subaltern to the latter. We can then have a triangle of oppositions for a well-

behaved L:

L̄
s

//

d

>>
>>

>>
> L̃

c
��

��
��

�

L

We can now consider a fourth vertice. Consider ¯̃L which we have seen is equivalent

to ˜̄L. Clearly, for any L that is well-behaved, silent and with double negation elimination

rule, so is L̃. Then we can see that if L is well-behaved, ˜̃L is a sublogic of ¯̃L, by the theorem

above. As ˜̃L = L, then L is subaltern to ¯̃L (and therefore to ˜̄L). Further, if L1 and L2 are

contraries, then L̄1 and L̄2 are subcontraries.

We can then present a square of oppositions for a well-behaved, silent with double

negation L:

L̄
sc

s
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d
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L̃
c

L

This square of logics displays oppositions between any well-behaved, silent and

accepting double negation logic on the one hand and three other logics constructed from it

on the other. It is a complete square, but not a standard one and therefore it is a degenerate

square. To be sure, it could be possible to find a perfect square of logics by extending

differently the triangle above. However, the degenerate square is enough to show how

any given well-behaved and silent logic is accompanied by four other ones in relations of

opposition. It is a square of logics showing how different (and yet related) logics are in

relations of opposition.

4. Galaxies

The relations between any logic and its corresponding antilogic and counterlogic pro-

vides a convenient set-up to investigate the nature of logical necessity and therefore what
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counts as a possible world outside classical logic. It is clear that to each logic there is

an associated class of possible worlds. To think of different logics in terms of possible

worlds enable us to consider not only (accessibility) relations between different worlds

made possible by a single logic but also relations between worlds made possible by dif-

ferent logics. The connection between a logic and its associated class of possible worlds

began to be made explicit (and fruitful) by Kripke’s semantics.

Indeed, in modal logic, it is customary to understand a logic in terms of the possible

worlds associated to it (see [5]). In Kripke’s semantics, different modal logics (primarily

the normal ones K, T, S4 and S5) are each associated to the different accessibility re-

lations between worlds and therefore to a class of possible worlds. What discriminates

between those classes is the type of accessibility relations between worlds that they fea-

ture. In general, modal logics makes it clear that classes of possible worlds are associated

to consequence relations. The more abstract idea is that a consequence relation can be

understood in terms of an associated class of possible worlds. To these classes we turn

now.

Let L be a class of all logics. Consider, also, a class W which elements will be

called possible worlds. Let  be a binary relation inW × L. We call this compatibility

relation. When w  L we say that the possible world w is compatible with the logic L.

Let G be a function (of classes) defined as:

G : L → ℘(W),

L 7→ G(L) := {w ∈ W : w  L}.

Therefore, given a logic L, G(L) is the set of possible worlds compatible with L.

G(L) is called the galaxy of L. Notice that for each logic L associated to a single conse-

quence relation there is one and only one G(L). A galaxy can be seen as the ontological

counterpart of a logic.

The following condition on the compatibility relation has to be satisfied:

(SC) Sublogic Condition: Consider that L1 is a sublogic of L2, if w  L1, then

w  L2.

Further, we can also introduce an extra condition relating a logic and its antilogic:

(SCC) Strong Constraint Condition: For every w ∈ W, w  L if and only if it is

not the case that w  L̄.

Under (SCC), we have:

G(L) ∩G(L̄) = ∅;

G(L) ∪G(L̄) =W.

(SCC), though, could be too strong for it fails to capture the standard way to talk

about possible worlds. To see this, consider the following toy example. Let L = (F, `L) be

a logic such that F = {α, β}. Suppose further that ∅ `L α and it is not the case that ∅ `L β.

Therefore, we have ∅ `L̄ β and it is not the case that ∅ `L̄ α. Let w1 ∈ W and w2 ∈ W
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be possible worlds such that α and β are the case in w1, and α and β are not the case in

w2. It would be reasonable to consider that for all w ∈ W, w ∈ G(L) if and only if for

any ϕ ∈ F, ∅ `L ϕ implies that ϕ is the case in w. Thus, in our toy example, w1 ∈ G(L)

and w2 < G(L) while w1 ∈ G(L̄) and w2 < G(L̄). In other words, G(L) ∩ G(L̄) , ∅, and

G(L) ∪G(L̄) ,W.

It can be therefore natural to weaken the constraint on the compatibility relation. An

alternative condition would then be

(WCC) Weak Constraint Condition: Given a logic L and its antilogic L̄, for every

w ∈ W , it is not the case that (w  L if and only if w  L̄).

It is interesting to consider how the galaxy of a logic and of its counterlogic relate.

It could be that

G(L) ∪G(L̃) ,W.

Neither a logic and its respective counterlogic can cover all formulas where the logic

is defined nor their respective galaxies can cover all worlds. Also, it could be that

G(L) ∩G(L̃) , ∅.

When this is the case, this is a remarkable intersection class for it is composed of

only inconsistent worlds. All logics that admit inconsistencies are such that their galaxies

are in this intersection.

So, let a class of all inconsistent logics be defined as such:

∆ = {L ∈ L: there is a ϕ such that ∅ `L ϕ and ∅ `L ¬ϕ}.

If so we can say that for any L

G(L) ∩G(L̃) ⊆ G(∆) :=
⋃
{G(L) : L ∈ ∆}.

In other words, the intersection between the galaxy of a logic and of its counterlogic is a

subclass of the galaxy of all inconsistent logics. The intersection is always inconsistent.

We call a world w such that w ∈ ∆ a dialethea, or an inconsistent world.4 It follows that

for each w ∈ G(∆) there is an L such that w ∈ G(L) ∩G(L̃).

These prospective remarks can be viewed as the starting point of an algebra of

galaxies that is neither reducible nor isomorphic to the algebra of logics (or the algebra of

consequence relations (see [19])). Such an algebra is a tool to study how different logics

intersect with each other. Also, operations on galaxies reflect operations on logics - such

as fusion (in the sense of combination of modal logics (see [8])). So we have:

G(L1 ⊕ L2) = G(L1) ∪G(L2).

The algebra is a useful tool to look at the ontological issues raised by universal logic.

4The term is used here in a way that is reminiscent but not equal to that used by Priest (see [15]). He takes a

dialethea to be a part of reality which harbours inconsistencies, and true contradictions. We take it to be simply

an inconsistent world. It is also worth noticing that if L is such that it is not the case that ∅ `L ϕ ∧ ¬ϕ then

∅ `L̄ ϕ ∧ ¬ϕ. Therefore L̄ could contain dialetheas (true contradictions) also in Priest’s sense.
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5. Prospects for a metaphysics of galaxies

We can then say that a world is possible only with respect to a galaxy. This has an impact

on the notion of logical truth - or necessity simpliciter as it is classically conceived given

that (logical) truths are relative to galaxies. When we say that something is the case in all

possible worlds we ought to specify a galaxy in which these possible worlds are. We can

however say some general things through the framework of galaxies. A relevant general

result is that for any ϕ, if ϕ is contingent in a galaxy, there is a galaxy in which it is

necessary.

A notion directly affected by understanding a possible world as relative to a galaxy

is that of necessity. Either reduced to a single type (broadly constructed as metaphysical

necessity or narrowly conceived as logical necessity) or as a multiplicity (where natural or

normative necessity cannot be understood in terms of logical or metaphysical necessity5,

necessity is understood in terms of classes of possible worlds. Now, it seems that it follows

from consideration on galaxies that necessity is relative to a place in the space of galaxies.

There is no such thing as absolute necessity. How would a metaphysics without a notion

of absolute necessity look like?

This is the main metaphysical open problem raised by galaxy theory, i.e, the study

of galaxies. It bifurcates into two different issues: the nature of modal claims under the

framework of galaxies and the ontological status of galaxies. As for the first issue, modal

claims in general appear to have to be indexed by galaxies. These claims become rela-

tive to a class of worlds. It is interesting to remark that the relative character of necessity

entails also the relativity of contingency to galaxies. At first sight, a metaphysics that

takes into consideration different galaxies of possible worlds is close to a Humean ap-

proach in that it exorcises necessity; and in fact it is more extreme than typical Humean

approaches as it dismisses logical necessity as well. It would be a metaphysics of abso-

lute contingency. However nothing happens contingently in all galaxies. There is no such

thing as (logical) contingency simpliciter. If there is nothing but things that are contingent

on something else, maybe other modal notions such as dependency and compossibility

should rather be taken as basic. Those notions are relational ones and make explicit that

modal ties are not absolute and have to be placed in the space of galaxies. Given a galaxy

(or a collection of galaxies), we can study necessary (or accidental) connections within

it. As for the overall picture where we ask questions about, say, the contingency of it all,

they would have to be fully reformulated.

As for the second issue, we can make some sketchy remarks about the reality of

galaxies. David Lewis has championed a version of modal realism ([11]) that maintains

that all possible worlds exist - the actual one being no more than the one which happens

to be this. There is no special property that renders any world actual, it is a world among

others and it is actual for those who are in it. Actuality is indexical while existence is

shared by all worlds (within a chosen galaxy - the classical one). From the point of view of

galaxies, for a world to exist, it is enough to be in the right galaxy. Now, given the plurality

of galaxies, one could formulate a stronger version of modal realism that would include

5Kit Fine ([7]) , for example, considers three irreducible varieties of necessity: metaphysical necessity, natural

necessity and normative necessity.
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all worlds across all galaxies. One could be a realist concerning worlds possible in all

logics and therefore extend realism to galaxies. If galaxies are part of the furniture of the

universe, then the plurality of logics - the concern of universal logic - becomes a plurality

not only about reality but in reality. In Lewis’ realism about possible worlds, each world is

actual for its citizens. Analogously, a galactic (modal) realism would take the actual world

as no more than our current address. But then further questions concerning the plurality

of logics in reality could be raised. The issue can be framed in terms of where does this

world belong within the space of galaxies.

The plurality of galaxies is the opening door to a metaphysics informed by universal

logic. This plurality doesn’t entail the relativity of all metaphysical truths but rather guides

the metaphysical gaze towards this plurality. Kit Fine ([7]) has studied three options with

respect to the tension between a notion of reality that is neutral, absolute and coherent

and the plurality of perspectives that arises from McTaggart’s problems with the reality

of tense. Those three alternatives could have counterparts in the context of the plurality of

galaxies - and its connection to reality. The first would be to choose one among the many

alternative galaxies and take it to be real. This would take reality not to be neutral and

would embrace a galactical anti-realism constrasting with the modal realism formulated

above. The second option would be to consider that each galaxy has its own reality - reality

would then be no longer absolute but relative to each galaxy. The third option would be

to consider a broader reality - Fine labels it über-reality - that encompasses all galaxies,

even though that reality would by no means exhibit coherence. Fine himself favours the

equivalent of this third option and explores some of its consequences. Here again, the third

option is more clearly in line with what we mean by a universal metaphysics oriented by

a galaxy theory. A metaphysics guided by universal logics attempts to investigate this

über-reality formed by the multiple galaxies and the way they relate to each other.

The focus on galaxies enables us to consider metaphysical issues beyond a parochial

point of view on necessity and contingency. It goes along with universal logic for it springs

out from the idea that each logic has a class of possible worlds associated to it. Galaxy

theory is the ontological counterpart of universal logic. The latter is the study of all logics

while the former is the study of their respective galaxies. It is also the study of all logics

through its associated class of possible worlds. Further, as we see it, it is not simply

a subsidiary of the universal logic, but rather feeds its development and can guide its

endeavours.
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